A Statistical Inquiry into the Plausibility of Recursive Utility

A. Ronald Gallant Duke University Fuqua School of Business Durham NC 27708-0120 USA

Han Hong Stanford University Department of Economics Stanford CA 94305-6072 USA

Paper: http://www.duke.edu/∼arg

Motivation

• There has been a revival of interest in consumption based asset pricing

▷ Much of the new literature uses recursive utility

▷ Some recent papers

⋄ Bansal and Yaron (2004) ⋄ Hansen, Heaton, and Li (2005) ⋄ Kiku (2006) ⋄ Eraker (2006) ⋄ Ai (2006)

• Natural question: Is recursive utility plausible?

Statistical Methods

• Obvious approach is to specify consumption dynamics and fit the model implied by recursive utility to maco data ▷ Bayesian methods are natural because macro data are sparse ▷ Some recent papers:

⋄ Del Negro and Schorfheide (2004) ⋄ Gallant and McCulloch (2005) ⋄ Fernandez-Villaverde and Rubio-Ramirez (2004)

• Excess baggage: These methods require a driving process, a solution method, a likelihood synthesis, and rely on consumption data.

• We use a little known Bayesian method that relies on none of the above.

Our Approach

• Pricing kernel: θ = (θ1, . . . , θn+1) ▷ Extracted nonparametrically from a panel of returns Rit

• Hierarchical likelihood: L(θ, η) = L(θ) ∏n t=1 f(θt+1|θt, . . . , θ1, η) ▷ L(θ) is a function of returns derived from the Euler equation 1 = Etθt+1Rit by a conditioning argument.

▷ f(·|·, η) is the seminonparametric transition density of the pricing kernel.

• Composite prior: p(θ, η) = p(η)p_T (θ, η) ▷ p(η) prior on hyperparameter η : tight, intermediate, loose ▷ p_T (θ, η) imposes technical conditions

• Inference:

▷ MCMC posterior probabilities P (A) = ∫ ∫ IA(θ, η)P (dθ, dη)

Implementation

• Data are the twenty-five Fama-French portfolios and Treasury debt: monthly 1959–2004 and annual 1930–2004.

• Substantive prior p(η) and law of motion p(·|·, η) suggested by a Bansal-Yaron economy.

• Obtain the posterior distribution P (θ, η) of the pricing kernel θ and the parameter η of its law of motion.

• Posterior probabilities computed: ”Is Bansal-Yaron economy?”, ”Is recursive utility?”, ”Is external habit utility?”.

• Events ”Is utility?” are expressed terms of R2 of regressions of the pricing kernel on variables measured with error.

Findings

• Bansal-Yaron consumption dynamics mildly misspecified.

• Bansal-Yaron cash flow dynamics more seriously misspecified.

• External habit utility is implausible.

• Recursive utility is plausible.

Outline

• Implications of recursive utility • Data • Law of motion of pricing kernel f(θt|θt−1, . . . , θ1, η) • Prior p(η) on hyperparameter η • Likelihood for observables L(θ) • Implementation of L(θ) • Technical prior pT (θ, η) • Empirical results

Consumption Endowment and Cash Flows

Ct consumption endowment Pct price of an asset that pays the consumption endowment Rct = (Pct + Ct)/Pc,t−1 gross return on consumption endowment

Dst cash flow S Pst price of cash flow S Rst = (Pst + Dst)/Ps,t−1 gross return on cash flow S

Prices are real

Recursive Utility

Marginal rate of substitution

Mt,t+1 = δβ ( Ct+1 Ct )−(β/ψ)

(Rc,t+1)(β−1),

δ time preference parameter γ coefficient of risk aversion ψ elasticity of intertemporal substitution β = 1−γ1−1/ψ

Log-linear regression of the marginal rate of substitution on consumption growth and the return to consumption has an R2 of one.

In General

Euler equation

1 = Et ( θt+1Rt,t+1 )

Price of Consumption Endowment

Pct = C0 t∏ k=1 Ck Ck−1 ∞∑ j=1 Et j∏ k=1 ( Ct+k Ct+k−1 θt+k )

Satisfied by any pricing kernel θt+1 including Mt,t+1 given by recursive utility

Data: Two Data Sets

• First: 551 monthly observations from February 1959 through December, 2004

▷ real returns including dividends on 24 Fama-French (1993) portfolios.

▷ real returns on U.S. Treasury debt of ten year, one year, and thirty day maturities

▷ real returns including dividends on the aggregate stock market

▷ real, per-capita, consumption expenditure and labor income growth

• Second: The second is 75 annual observations from 1930 through 2004 on the same variables except U.S. Treasury debt of ten and one year maturities.

• Exclusion of one Fama-French portfolio and debt due to missing values.

Law of motion of pricing kernel f(θt|θt−1, . . . , θ1, η)

• Fit SNP expansion to simulated data from a calibrated Bansal-Yaron economy.

• Use BIC to determine the truncation point.

• The form of the fitted density of θt = Mt−1,t is

f(θ_t|θ_{t−1}, . . . , θ_1, η) = f(y_t|y_{t−1}, . . . , y_1, η)/ exp(y_t) y_t = log(θ_t) f(y_t|y_{t−1}, . . . , y_1, η) = P^2(y_t|a) n(y_t | μ_{t−1}, σ^2_{t−1}) η = (a_1, a_2, a_3, a_4, b_0, b_1, r_0, r_1, r_2) P(y_t|a) = 1 + a_1y_t + a_2y^2_t + a_3y^3_t + a_4y^4_t μ_{t−t} = b_0 + b_1y_{t−1} σ^2_{t−1} = r^2_0 + r^2_1σ^2_{t−2} + r^2(y_{t−1} − μ_{t−2})^2

Prior p(η) on Hyperparameter η

• Three versions using location and scale from fit to simulated data from a calibrated Bansal-Yaron economy. ▷ Tight: Scale divided by ten; binds. ▷ Intermediate: Scale as estimated; informative. ▷ Loose: Scale multiplied by ten; uninformative.

• Intermediate scale for monthly data is what one would know after observing a Bansal-Yaron economy for 417 years.

• Intermediate scale for annual data is what one would know after observing a Bansal-Yaron economy for 1600 years.

• Values shown next slide.

Table 1. The Prior Distribution of the Parameters of the Law of Motion of the Pricing Kernel

Monthly Annual Parameter η Location Scale Location Scale a_1 -0.00776 0.02203 -0.03835 0.04292 a_2 0.05157 0.04670 0.04199 0.03535 a_3 0.01967 0.00722 0.00065 0.01323 a_4 0.03365 0.00941 0.07604 0.01354 b_0 0.01684 0.03800 0.08739 0.07855 b_1 -0.02091 0.01470 0.00002 0.02661 r_0 0.09952 0.01374 0.48020 0.09367 r_1 0.24192 0.02239 0.32158 0.05073 r_2 0.95979 0.00432 0.77915 0.08241

Shown are the location and scale of the prior distribution on the parameters η_i of the SNP transition density that describes the law of motion of the logarithm of the pricing kernel. The prior for the monthly sampling rate is the prior that one would form after observing a Bansal-Yaron (2004) economy at the parameter settings of Kiku (2006) for 417 years. The prior for the annual sampling rate is the prior that one would form after 1600 years of observation. Before applying these priors, data are normalized by y_t = (log M_{t,t+t} + 0.0149120)/0.0251032 for the monthly priors and y_t = (log M_{t,t+t} + 0.162398)/0.290158 for the annual. The priors used in the analysis are a normal prior with location as shown and scale divided by ten, a normal prior with location and scale as shown, and a normal prior with scale multiplied by ten; called the tight, intermediate, and loose priors, respectively.

Likelihood Derivation – 1 of 4

• Consider a general set of moment conditions m̄n = 1 n n∑ t=1 mt(yt, θt) mt ∈ ℜK that a scientific theory implies ought to have expectation zero where both yt and θt are regarded as random • To estimate the variance when the mt(yt, xt, θo) are uncorrelated, use

Wn = 1 n n∑ t=1 [mt(yt, θt) − m̄n] [mt(yt, θt) − m̄n]′ • When correlated, use HAC.

• Rely on CLT for normality of z = W −1/2n √ n m̄n

Likelihood Derivation – 2 of 4

• View as a data summary: z = Z(Y, θ) Z : (Y, θ) → √ nW −1/2^nm̄n where Y = [y1|y2| · · · |yn], θ = [θ1|θ2| · · · |θn] • Y is all possible Y • Information loss: Probability can only be assigned to sets A expressed in terms of the original data (Y, θ) that are preimages A = Z−1(B) of a Borel set B in ℜK.

• Assignment formula:

P (A) = PZ(B) = ∫ · · · ∫ IB(z) (2π)−K/2 exp(−z ′z/2) dz1 · · · dzK

Likelihood Derivation – 3 of 4

• Let Zθ denote the map Y → Z(Y, θ) for θ fixed. • The sets C expressed in terms of Y to which we can assign conditional probability knowing that θ has occurred have the form C = Z−1θ (Bθ) for some Borel set Bθ ∈ ℜK.

• The principle of conditioning is that one assigns conditional probability proportionately to joint probability.

• The constant of proportionality is 1/P (ℜθ), where ℜθ is the Borel set for which Y = Z−1θ (ℜθ).

• The conditional probability of C is computed as P (C|θ) =

PZ(Bθ) PZ(ℜθ)

Likelihood Derivation – 4 of 4

• Conditional probability is computed as

P (C|θ) = 1 PZ(ℜθ) ∫ · · · ∫ IB_θ(z) (2π)−K/2 exp(−z ′z/2) dz1 · · · dzK

• The data summary is z = [Wn(θ)]−1/2 √ n mn(θ) • In our application PZ(ℜθ) = 1 • Conclude that the likelihood is L(θ) ∝ exp { − n 2 mn(θ) ′[Wn(θ)]−1mn(θ) }

• Same argument as Fisher (1930) used to define fiducial probability. Is Bayesian inference for continuously updated GMM.

Implementation of L(θ) (monthly data)

• st: Fama-French gross returns S11 − S54

bt: T-debt gross returns t30ret, b1ret, and b10ret. • Parameters θ = θ1, . . . , θ551 • Euler equation errors

et(θ) = et(st+1, bt+1, θt+1) = 1 − θt+1 ( st+1 bt+1 )

• Instruments: Zt = (st − 1, bt − 1, log(cgt) − 1, log(lgt) − 1, 1) • Moment conditions: t = 1, . . . , n = 550

mt(θ) = mt(st, bt, st+1, bt+1, θt+1) = Zt ⊗ et(st+1, bt+1, θt+1) • Length of mt(θ): K = 756

Number of overidentifying restrictions: 206.

Computing the Weighting Matrix W

• Assume factor structure for the random part of (s_t, b_t). • Σ_e: one error common for s_t, one error common for b_t, one idiosyncratic error for each of (s_t, b_t).

• Strengthen zero correlation condition E[Z_{i,t} e_{j,t}(s_{t+1}, b_{t+1}, θ^o_{t+1})] = 0 to Var[Z_t ⊗ e_t(s_{t+1}, b_{t+1}, θ^o_{t+1})] = Σ_z ⊗ Σ_e, • Implies Σ_z ⊗ Σ_e is diagonalized by U_z ⊗ U_e where U_z and U_e are known, constant, orthogonal matrices: 1000 fold efficiency gain.

• Mean correction when estimating diagonal elements to avoid acceptance of an absurd MCMC proposal due to a large variance estimate

s_i(θ) = 1 n n∑ t=1 ( v_{t,i}(θ) − 1 n n∑ t=1 v_{t,i}(θ)

)_2

Implementation of L(θ) (monthly data)

• The likelihood for the pricing kernel θ is, then,

L(θ) ∝ exp { − n 2 mn(θ) ′(Uz ⊗ Ue)S−1n (θ)(Uz ⊗ Ue) ′mn(θ) }

mn(θ) = 1 n n∑ t=1 Zt ⊗ et(st+1, bt+1, θt+1),

• Full likelihood L(η, θ) ∝ L(θ) × ∏n t=1 f(θt+1|θt, θt−1, . . . , θ1, η).

• dim(η, θ) = 560 implies high correlation in MCMC chain.

• To reduce, sample 30, 000 out of 30 million MCMC draws.

Technical Prior p(θ, η)

• Support condition:

▷ Impose mean reversion on law of motion f(θt|θt−1, . . . , θ1, η)

• Constrain the size of the Euler equation errors to be about the same ▷ Annual data: P (−0.5 < ei,n(θ) < 0.5) = 0.95 ▷ Monthly data: P (−0.05 < ei,n(θ) < 0.05) = 0.95

• Require an approximation PB = ∑n t=1 θt to the average price of a risk-free, one period bond to be between 1% and 4% per annum,

f(PB) ∝ (1 + cos(α + βPB)) a < PB < b where β = 2π/(b − a), α = π − βb.

Our Approach

• Pricing kernel: θ = (θ1, . . . , θn+1)

• Hierarchical likelihood: L(θ, η) = L(θ) ∏n t=1 f(θt+1|θt, . . . , θ1, η) ▷ L(θ) is a function of returns implied by Euler equations ▷ f(·|·, η) is the seminonparametric transition density of the pricing kernel.

• Composite prior: p(θ, η) = p(η)p_T (θ, η) ▷ p(η) prior on hyperparameter η : tight, intermediate, loose ▷ p_T (θ, η) imposes technical conditions

• Inference: MCMC

▷ Moments of posterior distribution P (θ, η) ▷ Posterior probabilities P (A) = ∫ ∫ IA(θ, η)P (dθ, dη) of events A that correspond to hypotheses

Empirical Results for η, Tabular

• Posterior changes moving from tight to loose prior ▷ Tight prior binds, intermediate prior informative, loose prior uninformative ▷ Interpret as evidence against Bansal-Yaron economy.

• Conditional variance decreases

▷ Decrease in the variance parameter r0 partially compensated by an increase in kurtosis parameter a4

• Predictability increases

▷ AR parameter b1 increase ▷ ARCH parameter r1 increases and GARCH parameter r2 decreases

Empirical Results for η, Graphical

• Plot conditional density f(θt+1|θt, . . . , θ1, η) for historical conditioning sets (θt, . . . , θ1, η)

• Large changes moving from tight to loose prior under all conditions

• Features missed by Bansal-Yaron economy

▷ Conditional variance too large ▷ Location and scale do not move enough

• Bansal-Yaron economy misses some predictability of the pricing kernel

Legend for Next Two Figures

Plotted is the conditional density f(θt+1|θt, . . . , θ1) of the pricing kernel conditional on θt up to the year and month shown in the upper right of each panel. The solid line shows the density with η set to the location parameter of the prior in Table 1. The dashed line has η set to the mode of the posterior distribution under the tight prior. The dotted line has η set to the mode of the posterior distribution under the intermediate prior. The dotteddashed line has η set to the mode of the posterior distribution under the loose prior. The conditioning set is the posterior mean of θt under the tight prior in each case.

Figure 1. The Law of Motion of the Monthly Pricing Kernel

Figure 2. The Law of Motion of the Annual Pricing Kernel

Table 6. Posterior Probabilities of the Models

Probability

Prior Monthly Data Annual Data

Tight 2.2e-9 0.0004 Intermediate 0.0025 0.0224 Loose 0.9975 0.9772

Shown are the posterior probabilities of the models under the tight, intermediate, and loose priors computed using Newton and Raftery’s (1994) p̂_4 method for computing the marginal likelihood from an MCMC chain and assigning equal prior probability to each model.

Figure 3. Hansen-Jagannathan Bounds for the Monthly Pricing Kernel

Figure 4. Hansen-Jagannathan Bounds for the Annual Pricing Kernel

Sample Paths {θt}nt=1 of the Pricing Kernel

• Very different signal to noise ratio between annual and monthly data 70% vs 1% of |θ̄t/ √ V ar(θt)| > 1

• Are periods of extreme volatility: 1970–1975, 2000–2003

• 1981, 1982: θ̄t much higher for annual than monthly data ▷ Possibly due to differences in debt portfolios ▷ Pre 1960 events may influence post 1960 annual path

Figure 5. The Posterior Mean of the Monthly Pricing Kernel

Figure 6. The Posterior Mean of the Annual Pricing Kernel

Regression Implications of Recursive Utility

• Regression R2

1. R2 = 1 in log regression log(θ_{t+1}) = c1+c2 log

(_{Ct+1}

C_t ) +c_3 log (R_{c,t+1})

2. R2 < 1 if Ct and Rct are measured with error 3. R2 < 1 if Rct omitted or a proxy substituted

• Suggests three checks for recursive plausibility 1. Posterior R2 of log(θt+1) on log ( Ct+1/Ct ) 2. Posterior R2 of log(θt+1) on log ( Ct+1/Ct ) and market return 3. Posterior R2 of log(θt+1) on log ( Ct+1/Ct ) and log Rct.

Conclusions

• Bansal-Yaron consumption dynamics mildly misspecified ▷ First check a joint test of consumption dynamics and recursive ▷ First check accepts

• Bansal-Yaron cash flow dynamics more seriously misspecified ▷ Second check a joint test of cash flow dynamics and recursive ▷ Second check rejects

• Recursive utility plausible

▷ Third check uses Rct computed independently of Bansal- Yaron dynamics ▷ Third check accepts